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Abstract 



Ramsey's theorem, in the version of Erdos and Szekeres, states that every 2-coloring of the 
edges of the complete graph on {1, 2, . . . , n} contains a monochromatic clique of order | logn. In 
, this paper, we consider two well-studied extensions of Ramsey's theorem. 

' Improving a result of Rodl, we show that there is a constant c > such that every 2-coloring of 

the edges of the complete graph on {2,3, ...,n} contains a monochromatic clique S for which the 
, sum of 1/logi over all vertices i <G S is at least clog log log n. This is tight up to the constant factor 

c and answers a question of Erdos from 1981. 

Motivated by a problem in model theory, Vaananen asked whether for every k there is an n 
such that the following holds. For every permutation n of 1, . . . , k— 1, every 2-coloring of the edges 
of the complete graph on {1, 2, . . . , n} contains a monochromatic clique oi < . . . < an, with 



Ml) + 1 — a 7r(l) > a 7r(2) + l — a 7r(2) > ■ • • > 7r ( fe _ 1 ) + 1 — a 7r ( fe _ 1 ). 



That is, not only do we want a monochromatic clique, but the differences between consecutive 
OO ' vertices must satisfy a prescribed order. Alon and, independently, Erdos, Hajnal and Pach answered 

this question affirmatively. Alon further conjectured that the true growth rate should be exponential 
in k. We make progress towards this conjecture, obtaining an upper bound on n which is exponential 
in a power of k. This improves a result of Shelah, who showed that n is at most double-exponential 
in k. 

1 Introduction 

• rH 

X 

Ramsey theory refers to a large body of deep results in mathematics whose underlying philosophy 
is captured succinctly by the statement that "Every large system contains a large well-organized 
subsystem." This subject is currently one of the most active areas of research within combinatorics, 
overlapping substantially with number theory, geometry, analysis, logic and computer science (see 
the book [13] for details). The cornerstone of this area is Ramsey's theorem, which guarantees the 
existence of Ramsey numbers. 

The Ramsey number r(k) is the minimum n such that in every 2-coloring of the edges of the complete 
graph K n there is a monochromatic K^. Ramsey's theorem |16| states that r(k) exists for all k. 
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Classical results of Erdos [5] and Erdos and Szekeres [10] give the quantitative bounds 2 fc / 2 < r(k) < 2 2k 
for k > 2. Over the last sixty years, there have been several improvements on these bounds (see, for 
example, [2]). However, despite efforts by various researchers, the constant factors in the above 
exponents remain the same. 

Given these difficulties, it is natural that the field has stretched in different directions. One of them is 
to try to strengthen Ramsey's theorem, asking that the monochromatic clique have some additional 
structure. This allows us to test the limits of current methods and may also lead to the development 
of new techniques which could be relevant to the original problem of estimating classical Ramsey 
numbers. Furthermore, for some applications such additional structure is needed. In this paper, we 
consider two such strengthenings, both of which have already been studied in some detail. 

1.1 Ramsey's theorem with skewed vertex distribution 

In the early 1980s, Erdos, interested in the distribution of monochromatic cliques in edge-colorings, 
considered the following variant of Ramsey's theorem. For a finite set S of integers greater than one, 
define its weight w(S) by 

^logs 

For a red-blue edge-coloring c of the edges of the complete graph on [2, n] = {2, . . . ,n}, let /(c) be 
the maximum weight w(S) over all sets S C [2, n] which form a monochromatic clique in coloring 
c. For each integer n > 2, let f(n) be the minimum of /(c) over all red-blue edge-colorings c of the 
edges of the complete graph on {2, . . . , n}. Note that a simple application of r(k) < 2 2k only gives 
f( v ) > lea™ . _J_ - I 

J\ n ) — 2 logn — 2- 

In his paper 'On the combinatorial problems I would most like to see solved', Erdos [6] conjectured 
that f(n) tends to infinity and, furthermore, asked for an accurate estimate of f(n). Soon after, 
Rodl [T7] verified this conjecture, showing that f(n) = Q ( lo '° lo^iog'iog^iog n ) • ^ n ^ ne other direction, by 
considering a uniform random coloring of the edges, one can easily obtain that f(n) = O (log log n). 
Rodl [T7] improved the upper bound further to f(n) = O (log log log n). Nevertheless, there was still 
an exponential gap between the bounds for f(n). 

We next describe RddFs coloring. Cover the interval [2, n] by t = [log log n\ intervals, where the ith 
interval is [2 2 * , 2 2 *). We first describe the coloring of the edges within each of these t intervals, and 
then the coloring of the edges between these intervals. Using that the Ramsey number r{k) > 2 fc//2 , we 
can edge-color the complete graph in the ith interval so that the maximum monochromatic clique in 
this interval has order 2 l+1 . Also note that the logarithm of any element in the ith. interval is at least 
2 i_1 . Therefore, the maximum weight of any monochromatic clique in this interval is at most 4. It 
follows again from the lower bound on r(k) that there is a red-blue edge-coloring of the complete graph 
on t = [log log n] vertices whose largest monochromatic clique is of order 0(\ogt). Color the edges of 
the complete bipartite graph between the ith and jth interval by the color of edge (i,j) in this coloring. 
We get a red-blue edge-coloring of the complete graph on [2, n] such that any monochromatic clique 
in this coloring has a non-empty intersection with at most O(logt) intervals. Since, as we explained 



2 



above, every interval can contribute at most 4 to the weight of this clique, the total weight of any 
monochromatic clique is O(logi) = O (log log log n). 

In this paper, we prove that /(re) = (log log log n), which, by the above construction of Rodl, is tight 
up to a constant factor. This determines the growth rate of f(n) and answers Erdos' question. 

Theorem 1.1 For n sufficiently large, every 2-coloring of the edges of the complete graph on the 
interval {2, . . . , re} contains a monochromatic clique with vertex set S such that 



Hence, /(re) = G(logloglogn). 

Ramsey's theorem continues to hold if we use more than 2 colors. We define the Ramsey number 
r{k; q) to be the minimum n such that in every (/-coloring of the edges of the complete graph K n there 
is a monochromatic K^. The upper bound proof of Erdos and Szekeres [10] implies that r(k;q) < q qk . 



Phrased differently, we see that any g-coloring of K n contains a monochromatic clique of size c q log n 
and that this is, up to the constant, best possible. 

It therefore makes sense to consider the function f q (n), defined now as the minimum over all q-colorings 
of the edges of the complete graph on {2, 3, . . . , n} of the maximum weight of a monochromatic clique. 
However, as observed by Rodl, the analogue of Erdos' conjecture for three colors instead of two does 
not hold. Indeed, again cover the interval [2, n] by t = [log log n] intervals, where the ith. interval is 
\2 2% 1 , 2 2 ' ) . The edges inside the intervals are colored red-blue as in the above construction and the 
edges between the intervals are colored green. Then the maximum weight of any red or blue clique 
is at most 4, since any such clique must lie completely within one of the intervals, and the maximum 
weight of the green clique is at most Yli>i 2~ i+1 < 2. 

1.2 Ramsey's theorem with fixed order type 

We also consider another extension of Ramsey's theorem. For a positive integer n, let [n] = {1, . . . , n}. 
Motivated by an application in model theory, Jouko Vaananen asked whether, for any positive integers 
k and q and any permutation 7r of [k— 1], there is a positive integer R such that for any g-coloring of the 
edges of the complete graph on vertex set [R] there is a monochromatic with vertices a\ < . . . < a& 
satisfying 



That is, we not only want a monochromatic K^, but the differences between consecutive vertices 
must satisfy a prescribed order. The least such positive integer R is denoted by R 7T (k;q), and we let 
R(k; q) = maxT,- Rir(k; q), i.e., R{k\ q) is the maximum of R n (k; q) over all permutations it of [k — 1]. 

Vaananen's question was popularized by Joel Spencer. It was positively answered by Noga Alon and, 
independently, by Erdos, Hajnal, and Pach [7]. Alon's proof (see [T^]) uses the Gallai-Witt theorem 
and gives a weak bound on R(k;q). The proof by Erdos, Hajnal, and Pach uses a compactness 




On the other hand, a simple product coloring shows that for q even, r 



(k;q) > r{k-2) q / 2 > 2 fc< ?/ 4 . 



a 7r(i)+i - «7r(i) > o T (2)+i - a n ( 2 ) > ... > a 7r ( fe _ 1 ) +1 - a 7r ( fe _ 1 ). 
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argument and gives no bound on R{k;q). Later, Alon, Shelah and Stacey all independently found 
proofs giving tower- type bounds for R(k;q). 

A natural conjecture, made by Alon (see [IB]), is that R(k;q) should grow exponentially in k. For 
monotone sequences, this was confirmed by Alon and Spencer. A breakthrough on this problem was 
obtained by Shelah [18] , who proved the double-exponential upper bound R(k; q) < 2^( fc + 1 ) 3 ) ?fc . Here, 
we make further progress, showing that, for fixed q, R(k;q) grows as a single exponential in a power 
of k. 

Theorem 1.2 For any positive integers k and q and any permutation ir of [k — 1], every q-coloring 
of the edges of the complete graph on vertex set [R] with R = 2 fc2 ° 9 contains a monochromatic with 
vertices a± < . . . < af. satisfying 

a 7r(l) + l _ a 7r(l) > «7r(2) + l _ fl 7r(2) > • • • > a 7r ( fe „ 1 ) + 1 — a^fe-l) • 

That is, R(k; q) < 2 fc2 ° 9 . 

Common to the proofs of both Theorems 11.11 and 11.21 is a simple, yet powerful lemma whose proof, 
which we present in the next section, uses a probabilistic argument known as dependent random choice. 
Early versions of this technique were developed in the papers \12 \ [T9], Several variants have since 
been discovered and applied to various problems in Ramsey theory and extremal graph theory (see 
the survey [11] for more details). 

Organization of the paper. We prove Theorem 11.11 in Section [3] and Theorem 11.21 in Section UJ 
In Section [3l we make use of a weighted variant of Ramsey's theorem, Lemma 13.21 which may be 
of independent interest. In Section we make several additional related remarks. These include 
discussing the asymptotic behavior of f(n), considering what happens for other weight functions, 
showing that some natural variants of both problems have simple counterexamples, and presenting a 
simple coloring that gives a lower bound on Ramsey numbers for cliques with increasing consecutive 
differences. All logarithms are base 2 unless otherwise indicated. For the sake of clarity of presentation, 
we systematically omit floor and ceiling signs whenever they are not crucial. We also do not make any 
serious attempt to optimize absolute constants in our statements and proofs. 

2 Dependent Random Choice 

The following lemma shows that every dense graph contains a large vertex subset U such that every 
small subset S C U has many common neighbors. For a vertex v in a graph, let N(v) denote the set 
of neighbors of v. For a set T of vertices, let N(T) denote the set of common neighbors of T. 

Lemma 2.1 Suppose p > and s, t, N±, N2 are positive integers satisfying (^ x ) (m/A^)* < p t N\/2. 
If G = (Vi,V2,E) is a bipartite graph with \ Vi\ = Ni for % = 1,2 and at least pN\N2 edges, then G 
has a vertex subset U C V\ such that \U\ >p l Ni/2 and every s vertices in U have at least m common 
neighbors. 
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Proof: Consider a set T of t vertices in V2 picked uniformly at random with repetition. Let W = N(T) 
and X denote the cardinality of W. We have 



E[x] _ E (mi)' _ E 1^)^ > WlJ v-« (EssJjW - 



where the second to last inequality is by Jensen's inequality applied to the convex function f(z) = z . 

Let Y be the random variable which counts the number of subsets S C W of size s with fewer than m 
common neighbors. For a given S C Vi, the probability that it is a subset of W equals (\N(S)\/N2) t ■ 
Since there are at most such sets, it follows that 

E[Y] < 

By linearity of expectation, 



s ) V^2 



s \M 



y-2 



E[X -Y}= E[X] - E[Y] > p'iVi - ( Nl ) ( ^ ) > p*JVi/2, 



where the last inequality uses the assumption of the lemma. Hence, there is a choice of T such that 
the corresponding set W satisfies X — Y > p t N\/2. Delete one vertex from each subset S of W of 
size s with fewer than m common neighbors. We let U be the remaining subset of W . We have 
\U\ > X — Y > p t N\/2 and all subsets of size s have at least m common neighbors. □ 



3 Monochromatic cliques of large weight 

The off-diagonal Ramsey number is the smallest natural number n such that any red-blue edge-coloring 
of K n contains either a red copy of K s or a blue copy of Kf. The Erdos-Szekeres bound for Ramsey 
numbers says that for any s,t > 2, 

, , (s + t - 2\ 

Note that this implies r(s,t) < 2 s+t and hence that every 2-coloring of K n contains a monochromatic 
clique of order i log n. The following lemma is a further simple consequence of this formula. Note 
that here and throughout the rest of this section we will use the natural logarithm In as well as the 
log base 2. 

Lemma 3.1 Suppose < a < j. Then, every 2-coloring of the edges of K n contains either a red 
clique of order a Inn or a blue clique of order e^ Inn. 

Proof: From the Erdos-Szekeres bound, we have 

, . fs + t\ fe(s + t)\ s 
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Applying this with s = a Inn and t = a(e« 



1) Inn tells us that, since 



( 



a In n 



e(alnn + a(e« 



1) Inn) 



In n 



= n 



a In n 



there is either a red clique of order s or a blue clique of order t. For < a < j, we have 

ii j_ 
a(e a — 1) > e4» . 



The result follows. 



□ 



We would now like to prove a weighted version of Ramsey's theorem. The set-up is that each vertex v 
is given two weights r v and b v which are balanced in a certain sense. We would then like to show that 
it is possible to find a red clique K or a blue clique L for which either the sum of r v over the vertices 
of K or the sum of b v over the vertices of L is large. 

Lemma 3.2 Suppose that the edges of K n have been two-colored in red and blue and that each vertex 
v has been given positive weights r v and b v satisfying b v > ln(4/r„) if r v < b v and r v > ln(4/&„) if 
b v < r v . Then there exists either a red clique K for which YlveK r ~" — \ m n or a ^ ue c ^1 ue L f or 



Proof: Let w(n) be the infimum, over all red-blue edge-colorings of K n , for the sum of the maximum 
of YlveK r v over au re d cliques K and the maximum of ^2 veL b v over all blue cliques L. We will show 
by induction on n that w(n) > Inn. This clearly implies the desired bound. 

The base cases n = 1, 2 clearly hold. Suppose, therefore, that n > 3 and that w(n') > Inn' for all 



Consider a red-blue edge-coloring of K n , and let w be the sum of the maximum of X^eif Tv over an 
red cliques K and the maximum of X^^eL ^ v over au Dme cliques L. It suffices to show that w > Inn. 
Let v be a vertex in K n . By symmetry, we may suppose without loss of generality that r v > 6„. Since 
r v > ln(4/6„) and > b v , we have > 1. We may assume r v < Inn as otherwise we could pick the 
red clique K to consist of just the vertex v. Hence, b v > 4/n. 

Let R be the set of red neighbors of v and B be the set of blue neighbors of v, so \R\ + \B\ = n — 1. 
Let q = \R\/n. We can add v to the largest red clique in R in terms of weight, and thus w > 
r v + w(an) > r v + ln(an) > r v + In a + ln?i. We may assume r v + In a < 0, as otherwise we are done. 
So a < e~ Tv < Sg-. From r v > 1, we have a < 1/e. From the above lower bounds on b v , we have 
b v > 4max(o, ^) > 2/3, where /3 = a + i<^ + i< 3/4. We can add u to the largest blue clique in 
B in terms of weight, and thus 



which X^eL b v > \ Inn. 



positive integers n' < n. 



w > b v +w(\B\) > b v +ln 1 - a + Inn > 2/3 + In (1 - (3) + Inn > Inn, 




where we used < /3 < 3/4, which completes the proof. 



□ 



Scaling all weights by a factor c > 0, we have the following equivalent version. 



G 



Lemma 3.3 Let c > 0. Suppose that the edges of K n have been two-colored in red and blue and 
that each vertex v has been given positive weights r v and b v satisfying b v > cln(4c/r„) if r v < b v and 
r v > cln(4c/&„) if b v < r v . Then there exists either a red clique K for which ^Z v ^jc r v — f ^ nn or a 
blue clique L for which YlveL — § Inn. 

We are now ready to prove Theorem 11.11 which we restate for convenience. The key idea behind 
Rodl's lower bound for f(n) is to try and force the type of situation that arises in the upper bound 
construction. We follow the basic line of his argument but add two extra ideas, dependent random 
choice and the weighted variant of Ramsey's theorem above, to achieve a tight result. 

Theorem 3.1 For sufficiently large n, in every red-blue edge-coloring of the complete graph on the 
interval {2, . . . , re} there is a monochromatic clique with vertex set I such that 

> 2~ 8 log log log re. 

log i 



Proof: Let d = ^ \/log log re — 1 and c = 1/4. For i = 1, . . . , d, let Si = {ni,ni + 1, . . . , 2ni — 1} be 
the interval of size rej beginning at the integer n{, where loglogrij = i-^/log log re + ^ log log re. For each 
j = 0, 1, . . . , d, we will find, by induction, a collection of subsets Sij such that 

• for each i < j, the set Sij is the union of two monochromatic cliques, one in red of order \ri log ni 
and the other in blue of order |6jlogrej, where rj > cln(4c/6j) if bi < ri and hi > cln(4c/rj) if 
n < h; 

i-± 

• for each i > j, the set Sij satisfies \Sij\ > n i 2 ' ; 

• for each t > k with j > k, there exists a color x(k,£) such that every vertex in Skj is connected 
to every vertex in Sij by an edge with color x(k,l). 

To begin the induction, we let S^o — Si for each i. The required conclusion then holds trivially for 
j = 0. Suppose therefore that the result holds for j. We will prove it also holds for j + 1. 

For i < j + 1, we let S^j+i = Sij. For each i > j + 1, we will find a subset Sij+i of Sij satisfying the 
conditions. To do this we apply another induction, finding for each j + 1 < k < d, a subset Tkj + \ of 
Sj+ij such that 

• \T k j +1 \>n]^; 

• for every j + 1 < i < k, there is a color j + 1) such that every collection of log rij + \ log log log re 

l-2±i 

vertices in Tkj+i have at least n i 21 common neighbors in color x{h3 + 1) m the set Sij. 

Once this induction is complete, we consider T^j+i- Let \rj+i In re^+i and jbj + i\anj + i denote the 
orders of the largest red clique and the largest blue clique, respectively, in j + \. Since IT^^.,.! | > 
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n*^, Lemma 13.11 and the remark before it imply that, if rj+± > then either bj+i > 1/4 and 

r j+1 > 1/2 > cln f-^A or b j+1 < 1/4 and r j+1 > eVW^+i) > cln (5^7) • Similarly, if b j+1 > r j+1 , 
then 6, +1 > cln (^). 

Note that we may assume that Tj + \ and bj+\ are each less than ^ log log log n. Suppose otherwise and 
that rj + i > i log log log n. Let Rj+i be the red clique of order jJj+i logn J+ i. Then 

Y) 7— > 7 r i+i lnn i+ii — i > ^ log log log n, 

. log 1 4 log 2n 7+ i 16 

so we would be done. 

Let 5j + ij_|_i be the union of the largest red and blue cliques in T^j+i- Note that rj + i + bj + i < 
log log log n. Hence, |Sj + ij + i| < log rij + i log log log n and therefore, for every j + 1 < i < d, the 

collection of vertices in Sj+ij+i has at least n i 21 common neighbors, in color x{h3 + 1)) i n S'ij- 
We let this set of common neighbors be Sij+i- It is now elementary to verify that the Sij + ± satisfy 
the conditions of the first induction. Hence, it only remains to show that the second induction holds 
good. 

To begin the induction, we let Tj + i J+ i be Sj+ij. This clearly satisfies the required conditions. 
Suppose, therefore, that T^j+i has been defined and we now wish to find a subset T^+ij+i of T^j+i 
satisfying the conditions of the induction. Consider the graph between Tkj+i and Sk+ij- Either red 
or blue will have density at least ^ in this graph. We let x(k + 1, j + 1) be such a color, breaking a tie 
arbitrarily. 

Now apply Lemma [2TTI to the bipartite graph of color x(k + l,j + 1) between and Sk+ij- We 

take Ni = \T kJ+1 \, N 2 = \S h+X j\, m = jy^ 1 / 2 ^^ ^ g = i og l og log log n and t = 4 ^f g^ g 1 n - 

We need to verify that (^)(^ 
But this is easy to check, since 



We need to verify that (^)(^)* < ^ with p = 1/2. It will be enough to show that Nf{^) 1 < 1. 



* + /o /I 1 /f2AM logloglogn \ l0g " i+1 ( <2n ■ , 1 ^logloglognN lo S«3+l 



1 \pN 2 J ~ V ' 2 y ^l/Sloglogn J - y n l/161oglogn 

1/2 

Here we used that N\ = \Tkj + i\ < n J+ i, N 2 = \Sk+i,j\ > n fc+i anc ^' wnenever k > j and n is 
sufficiently large, 

n fc+ i > n^f*^ > (2n i+1 ) 161o s log " logloglog ". 

Therefore, there exists a subset Mfc + i of of order 2-^- such that every vertex subset of order s 

has at least m common neighbors in Sk+ij- We let T^+ij+i = M^+i- Note that 

D*|Ti 'ill 1 log n j + 1 1_±_ 1 1 1_JL 1 fc+l 

|T fc+1 > - ' fc ' J + 1 ' = - 2 4 V lo S logn n 2 4d = _ 8(d+l) ? 4* > „2 4d 

as required. Moreover, since k < d < \ y^oglogn, every subset of Tk+ij+i of order log nj+i log log log n 
has at least 

, / i 3 \ l-l/2Vloglogn 1 j+i 



8 



common neighbors in S^+ij, so the second requirement of the induction scheme also holds. 

To complete the proof, note that for each i = 1,... ,d, we have found a red clique Ri and a blue 
clique Bi of orders -jVi lnnj and Inn,, respectively, such that every vertex in Ri U B, L is connected 
to every vertex in Rj U Bj by color x(i,j). Consider the 2-colored complete graph on the vertex set 
{1,2, . . . ,d} where i and j are joined in color x(hj)- We give each vertex the two weights rj and bi. 
Since bi > cln(4c/r,j) if < bi and r\ > cln(4c/6j) if bi < ri, we may apply Lemma [3^31 to find a red 
clique R such that 

^2 Ti - \ ln d - 32 log log log n 

or a blue clique -B such that X)ieB ^* — 32 l°gl°gl°g n - Suppose, without loss of generality, that there 
is a red clique R such that Ylie.R r * — 32 1°S n - 

Consider now the set 1Z = {J^rRi- Since R is a red clique by coloring x, the edges between different 
Ri are red. Therefore, since also each Ri is a red clique, we see that 7Z is a red clique in the original 
graph. Moreover, 

Er^>EEr^ ^Ei 1() g n «nr ^ ^ 2- 8 iogio g io g n, 

as required. □ 

4 Monochromatic sets with differences satisfying a prescribed order 

In this section we prove Theorem 11.21 which gives an improved bound for Ramsey numbers with fixed 
order type. We begin with several simple definitions and lemmas. 

An interval I of integers is a set of consecutive integers. Let S be a nonempty set of integers, and 
min(S) and max(S') denote the minimum and maximum integers in S. The density di(S) of S with 
respect to an interval / of integers with S C I is 

The following definition is useful for finding cliques of a certain order type. 
Definition: An ordered pair (T\,T2) of sets of integers are separated if, for j = 1,2, 

min(T2) — max(Ti) > max(Tj) — min(Tj). 

The next lemma shows that any dense subset S contains a pair of large dense subsets which are 
separated. 

Lemma 4.1 Let S be a finite set of integers with \S\ > 6, and I = [a, b] an interval with S C I. Then, 
for j = 1,2, there is Tj C S and an interval Ij with Tj C Ij, {T\,T2) separated, di.(Tj) > dj(S)/2, 
and \Ij\ > 151/12. 
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Proof: Let i± E I be the maximum integer (if it exists) such that the restriction of S to the interval 
[a, ii] has density at most di(S)/2. If no such i\ exists, let i\ = a — 1. Similarly, let 12 E / be the 
minimum integer greater than i\ (if it exists) such that the restriction of S to the interval [i2,b] has 
density at most dj(S)/2. If no such 12 exists, let 12 = 6 + 1. Let S' be the restriction of S to the 
interval 22)? i-e., the set of s E S with i\ < s < £2- Since at most 1/2 of the elements of S are 
deleted to obtain S' , we have |5"| > \S\/2. 

Let i 7 denote the interval [min(S"), max(S")] of integers. Partition the interval I' into three intervals 
each of size as equal as possible, and let I\ be the first interval and I2 be the last interval. This 
guarantees that if T\ C I\ and T2 C I2, then (T\,T2) is separated. It follows from the definition of 
i\ and 12 that the restrictions of S to each of the two end intervals has density at least di{S)/2. Let 
Tj = \S H Ij\ for j = 1,2. Since S' C we have |/'| > \S'\ > |<S'|/2. The end intervals have size at 
least [\I'\/3\ . Hence, for j = 1, 2, 

> > [\S\/6\ > |5|/12. 

The result follows. □ 

We also need the following simple lemma which allows us to pass to a subinterval of a given size 
without the density decreasing significantly. 

Lemma 4.2 Suppose S is a set of positive integers, J is an interval containing S, and r < \J\ is a 
positive integer. Then there is a subset S' C S and an interval I of size r containing S' such that 
di(S') > dj(S)/2. 



Proof: We can cover the interval J with [|J|/r] intervals of size r, some of which may be overlapping. 
If 5 restricted to any of these intervals has density at least dj(S)/2, then we can pick S' to be this 
subset of S. Otherwise, since [|«/|/r] < 2\J\/r, the total number of elements of S is less than 

\\J\/r]rdj(S)/2<\S\, 

a contradiction, which completes the proof. □ 
For a permutation ir of [k — 1], an increasing sequence a±, . . . , a& of k integers has type tt if 

a 7r(l) + l _ a 7r(l) > a 7r(2) + l ~ a ir{2) > ••■> 7r ( fc _ 1 ) + 1 — d^fe-l). 

Let G be a graph on a subset of the integers, J be an interval, and S C JC\V{G). For < a, (3, 7, 5,p < 
1, we say that G is (a, /3, 7, 5, p)-heavy with respect to S if for all subsets S' C S for which there is 
an interval J' with 5' C J' , dji(S') > 5dj(S), and \S'\ > j\S\, there are subsets T\,T2 C S' and, for 
j = 1,2, intervals Ij with Tj C Ij such that (T\,T2) is a separated pair, di^Tj) > adji(S'), \Ij\ > f3\S'\ 
and the edge density of G across T\,T2 is at least p. 

Let (f> : [h — 1] — > [k — 1] be an injective function, < 77 < 1, and r € N. A clique in G of type ((f), rj, r) 
consists of h pairwise adjacent vertices a\, . . . , ah such that Of+i — a» E [rj^'r, ?^W _1 r) for i E [h — 1]. 



10 



Note that if h = k and </> is the inverse permutation of tt, then a clique of type (4>, r), r) is also a clique 
of type 7r. 

The following lemma shows that if a large subset S of a graph G is (a, /3, 7, <5,p)-heavy with appropriate 
choices of parameters a, f3, 7, 5, and p, then it must contain a clique of type (cj), r], r). We next describe 
the proof idea, which is by induction on the order h of the desired clique. Let r be the minimum 
element of the image of 4>, and j be such that <j>{j) = r. We first pass to an interval / of size 
just smaller than rj T ~ l r using Lemma 14.21 Using the heavy hypothesis, we find a separated pair 
(Ti,T2) of large subsets of S PI I such that the edge density of G between T\ and T2 is at least p, 
and min(T2) — max(Ti) > r\ T r. This implies that for any choice of aj G T\ and Oj+i G I2, we have 
Oj_|_i — aj G [?7 T r, i] T ~ 1 r). Applying the dependent random choice lemma, Lemma 12.11 we find that 
there is large subset U C T\ such that all small subsets of U have many common neighbors in T2. We 
find from the heavy hypothesis and induction that there is a clique with vertices a±, . . . ,dj G U such 
that, for 1 < % < j - 1, a i+1 - a* G [r/^r, r}^' x r). Since every small subset of i7 has many common 
neighbors in T2, the set of common neighbors of a±, . . . , aj in T2 is large. We again find from the 
heavy hypothesis and induction that there is a clique with vertices Oj+i, . . . , G W such that, for 
j + l<i<h — 1, Oj+i — a% G [?/Wr, rj^ -1 ^. We conclude that ai, . .. forms the desired clique 
in G of type 77, r). 

Lemma 4.3 Suppose G is a graph on a subset of the integers, J is an interval, S C J D V(G), 
(j> : [h — 1] — )■ [k — 1] is an infective junction, < a, /3, 7, S, r],p < 1, and r G N. Let t = 2y/fclog 1 / p \ S\, 

e = p t /2, A = (f ) 2h , and k = \pdj{S) 2 r, k r . Provided that k > h, \ J\ > r, rj < pXdj(S) 2 , 5 < A, and 
"f\S\ < k, the following holds. If G is (a, (3, 7, 5, p) -heavy with respect to S then there is a clique in G 
of type {4>,r],r). 

Proof: The proof is by induction on h. In the base case h = 1, it suffices to show that S is nonempty, 
which it clearly is. The induction hypothesis is that the lemma holds for all positive integers h' < h, 
where h > 2. 

Let t = min^g r^i] (j>(i) and j < h — 1 be such that <p(j) = t. Let (f>i : [j — 1] — > [k — r — 1] and 
02 : [h—j — 1] — > [k— t — 1] be the injective functions given by <f>\ (x) = 4>{x) — r and 4>2{x) = 4 > { x +j)~ T - 
Let s be the largest integer less than r) T ~ 1 r. Since r/ r ~ 1 r > r/ k r > k > h > 2, then s > r/ r_1 r/2. As 
|J| > r > s, we can apply Lemma 14.21 to obtain a subset S' C S and an interval / with |/| = s and 
5' C / such that di(S') > dj(S)/2. 

We have dj(S") > dj(5)/2 > Adj(5) > W,/(5) and |5'| = di(S')\I\ > > ^l n T ^r > k > 

j\S\. Hence, by the heaviness hypothesis, for i = 1,2, there is an interval Ii and a subset Tj C n S" 
such that (Ti,T2) is a separated pair, di^Ti) > adi(S') > ^dj(S), > /3|S"| and the edge density 
of G between T x and T 2 is at least p. Note that \Ti\ = \Ii\d h {Ti) > d h {Ti)j3\S'\ > \afidj{S)\S'\. 

We apply Lemma [2. II to the bipartite subgraph of G with parts T\ and T2 and s = j, with t as defined 
in the statement of the lemma, A7 = |Ti|, N2 = |2~2 1 , and m = e | T2 1 . Since \T\\ k < \S\ k = p~i t2 , we 
can verify that 

Ci 1 ') (w)* - |Tl|V = |Tiiy2/2t - p|i2/2< ^p 1 ™ 2 - 
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and 



Using that \Ty\ > %apdj(S)\S'\, \S'\ > ^^rf~ l r and r? < p\dj(S) 2 < (f§) dj(S) 2 , we conclude 
that there is a subset U C T\ with 

\U\ > p*|Tl|/2 = elTxl > > eaP^p-rf^r > rfr 

2 8 

such that every j vertices in U have at least e|T2 1 common neighbors in Ti- Since (T%,T2) is separated 
and |Ti| > \U\ > rfr we have that for any a G T\ and b 6 T2, 

77 r r < |Ti| < b — a < \I\ < r/ T ~ 1 r. 

We also have 

d h (U) = P > ^ = edj, (Ti) > eadj(S') > e^S). 
l J il l J il 2 

Let 5' = jfjjjj 8 and 7' = j^jT- Since G is (a, (3, 7, 5, p)-heavy with respect to S and U C S, then G is 
also (a, f3, 7', 5',p)-heavy with respect to J7. 

Let t' = 2J(k-r)log 1/p \U\, k' = k - r, r' = rj T r and e' = //2, so e' > e. Let A' = (^r)^ 
k' = \'/3d h (U) 2 rj k 'r'. Then A < (f ) 2 A' and therefore 

k' = X'l3d h (U) 2 ri k 'r' > \'(3 (e|dj(5))% fe r > \pdj(S) 2 r] k r = K>h>j. 

Since > > rfr = r' , 5 < A = (f f h < (f f A', e' > e and d/^tT) > f dj(S) we have that 

ri<pdj{S) 2 \<pd h (U) 2 >l, 

5= d^u) 5 ^ 2e a 5 *KT) - A ' 

and 

7 '\U\ =j\S\ <k<k' 

Thus, we can apply the induction hypothesis and obtain a clique in G with vertices a%, . . . ,aj in U 
which is of type (cfti, 77, rfr). 

Let W be the set of common neighbors of a±,...,aj in T2, so \W\ > e | T2 1 . Let 5" = jf^y^j d and 

7" = ^m- As above, since W C S and G is (a, /3, 7, J,p)-heavy with respect to S, we have that G 
is also (a, /?, 7", <5",p)-heavy with respect to W. Again, by the induction hypothesis (exactly as done 
above, replacing U by W and j by h — j), there is a clique b±, ... , in G with vertices from W of 
type ((p2,i],i] T r). Then, letting Oj+j = bi for 1 < ? < h — j, we have that a±, . . . , form a clique of 
type ((p, 77, r) in G, completing the proof. □ 

The following theorem is a restatement of Theorem ll.2[ Recall that if h = k and (j) is the inverse 
permutation of ir, then a clique of type ((j), ij, r) is also a clique of type ir. In the proof of Theorem 1 1.2 1 
we show that a g-colored complete graph on sufficiently many vertices must contain a subset which is 
appropriately heavy in the graph of one of the colors. Lemma 14.31 then implies that the graph of this 
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color contains the desired monochromatic clique with order type tt. To find such a heavy subset, we 
suppose for contradiction that none exists. We then find a large interval I q and a dense subset S q of 
I q such that for each color i, every separated pair (T\,T2) of subsets of S q and large intervals J\, J2 
with Tj a dense subset of Jj has edge density less than p = 1/q in color i between T\ and Ti- But, by 
Lemma WA\ S q contains a separated pair (Ti,T2) of large dense subsets. By the pigeonhole principle, 
the edge density between T\ and T2 in one of the q colors is at least 1/q, contradicting the existence 
of S q . 

Theorem 4.1 Let k, q > 2 be integers and ir a permutation of [k — 1] . Every q-coloring of the complete 
graph on [n] with n = 2 k2 ° 9 contains a monochromatic clique of type n. 



Proof: Suppose for contradiction that there is a g-coloring of the edges of the complete graph on [n] 
without a monochromatic copy of Kk of type n. We label the q colors 1, . . . , q. Let So = Iq = [n], so 
di (So) = 1 and |5o| = |io| = n - Let <fi = tt -1 , p = 1/q, t = 2^J k\ogi/ p n, and e = p*/2. 

For q > i > 1, we define aj, ft, 7,, Si, rji recursively as follows, starting with i = q. We have a q = 1/2, 
h = {^t) 2k , and «i = Explicitly, 8 q -i = (|) 2fc ( 2fc+1 ) ; anc j f or { > ^ aq _ { = 1 (j)( 2fc+1 ) \ 

Let Aq = 1 and A, = 5jA 2 _ 1 for 1 < i < q. Let A = A q . We have from the explicit formula for 5 q _i 
that 



a c a 2 r r2 a 4 TT ,2' TT / e \ 2fe («+2)* ( 6\ (4fc+2)» / e x (fc+2) 2 *-2 

A = 5 g A 2 „ 1 = M 2 _ 1 A^ 2 = ... = n^ = II(8) ^U) -U) 

i=0 i=0 

Let /3q = 1/12. For each i, let rji = ft A, and 7$ = and, if i < g, ft = 7i+ift+i. Explicitly, /3 g _j = 

Y2 j , »7g-i = (12 J , and 7 q _j = (gj . Finally, let T = 1 and Tj = 7^.1 for 

1 < i < g. Let T = r g . We have 

r = iF.=y ) 

i=i / x 7 

• e \ (fc+2) 2 n ( fc + 2 ) 9 , e s(fc+2) 3, J f e\ k&q 



We will next define a sequence of subsets Sq D S\ D . . . D S q and a sequence of intervals Iq D I\ D 
. . . D I q such that for each i, 1 < i < g, we have 

• /Si C Jj, 

• dj^Si) > Sid^Si-t) > A u 

• I Si I > Ji\Si-i\ > Tin, and 

• there is no separated pair (T\,T2) with T\,T2 C and intervals J\, J2 such that, for j = 1,2, 
Tj C Jj, djj(Tj) > aidj^Si), \Jj\ > ft|/Si|, and the graph in color i has edge density at least p 
between T\ and T2. 
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We next show how to pick Si and Ij having already picked S*j_i and h-i- Since the graph in color i does 
not contain a clique of type tt, it also does not contain a clique of type (4>, rji,ri) with n = We now 
wish to apply Lemma 14.31 with S = Si-i to conclude that the graph in color i is not («£, Pi, 7$, Si,p)- 
heavy with respect to 5*— 1. To do this, we must verify the assumptions of the lemma. 

Let Xi = (^j L ) 2k and Ki = Xifiidi^ (5i_i) 2 r/frj. Note that 5{ = Aj and 

m = A A < ftAi = frSAli < PiXid^iS^) 2 . 

We also have 

7i |5i_i| = < PiXid^Si^fvflSi-!] < XAd^iS^frftn = m. 

Finally, since 7j|Si_i| > Tin > Tn and n = 2 fc2 ° 9 , we have 

«, > rn > n (1)"* = n f^^Y" > „ ( 2 -^)*" _ ^ > t . 
Here we used that q ~ 2 V klo ^ n > 2 -^ 10 " +1 V^Tq > 2 -fc 129 +4. 

We may therefore apply Lemma 14.31 Hence, there is a subset Si C and an interval Ii C 
satisfying the four desired properties itemized above. 

However, by Lemma 14.11 S q contains a separated pair (T\,T2) and intervals Ji,J 2 such that, for 
j = 1,2, Tj C Jj, djj{Tj) > di q {S q )/2, and \Jj\ > |5 9 |/12. By the pigeonhole principle, for some i, 
1 < % < q, the density across T\, T 2 in color i is at least 1/q = p. But 

7} d I q ( S q) = a qdl q (S q ) > a q 5 q d Iq _ 1 (S q -i) = OLq-xdl^^Sq-l) > a q - 2 d Iq _ 2 (S q - 2 ) >■■■> OLid^Si) 

and, similarly, |5 g |/12 > /3i\Si\, contradicting that Si contains no such separated pair. □ 



5 Further remarks 

5.1 Asymptotics of maximum weight monochromatic cliques 

A well-known conjecture of Erdos states that the limit linin^oo log ^( n ) exists. If this limit exists, denote 
it by Co- We will assume the conjecture that cq exists. The bounds of Erdos and Erdos-Szekeres on 
Ramsey numbers imply that ^ < Co < 2. 

Recall that the weight of a set S of integers greater than one is the sum of 1/ log s over all s G S, and 
f(n) is the maximum real number for which any red-blue edge-coloring of K n contains a monochromatic 
clique of weight at least f(n). Theorem 11.11 shows that /(n) is within a constant factor of log log log n. 
We further conjecture the constant factor. 

/(n) = (cq 2 + o(l)) log log log n, 



Conjecture 5.1 We have 
where c = lim^oo l21lM . 
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The construction of Rodl described in the introduction can easily be modified to obtain 

fin) < (eg 2 + o(l)) log log log n. 

Indeed, let a = 1 + e with e — > slowly as n — > 00 (picking e = 1/ log log log n will do). Cover [2, n] 
by intervals, where the ith interval is [2 fll ,2°*) and has largest element less than rii := 2 a \ The 
number of intervals is d = loglogn] = 0(e~ 1 log log n). Note that the logarithm of any two 
numbers in the same interval is within a factor a = 1 + e of each other. We red-blue edge-color the 
complete graph on each of these intervals so as to minimize the order of the largest monochromatic 
clique in the interval. Then the weight of any monochromatic clique in the ith interval is at most 
(1/ log nj)(c^" 1 + o(l))logrij = Cq 1 + o(l), where the o(l) term goes to as rii increases. We color 
between intervals monochromatic so as to minimize the order of the largest monochromatic clique with 
vertices in distinct intervals. The order of this monochromatic clique with vertices in distinct intervals 
is (cq 1 + o(l)) logd = (cq 1 + o(l)) logloglogn. Hence, f(n) < (c^ 1 + o(l))(c " 1 + o(l)) logloglogn = 
(c 2 + o(l)) log log log n. 

In the other direction, a simple modification of the proof of Theorem 11.11 with a careful analysis gives 
the lower bound 

f(n) > Q - o(l)^ logloglogn, 

which would be sharp if the exponential constant in the upper bound for diagonal Ramsey numbers 
is best possible, i.e., if cq = 2. We next give a rough sketch of how to achieve this. 

One first constructs d = (log log n) 1 ^ ^ intervals Si of the form [nj,2nj) with rii = i(log log n) ^ 1 ) + 
^ log log n, where the o(l) term slowly goes to as n tends to infinity. After going through the 
proof, we obtain in each Si a red clique Ri and a blue clique J3j, such that for each i < j, the 
complete bipartite graph between Ri U Bi and Rj U Bj is monochromatic. The monochromatic cliques 
Ri and Bi are chosen to be the largest monochromatic cliques of each color in a particular subset 
Td,i C Si with \Td t i\ = |5j| 1_o( ' 1 - ) . By the Erdos-Szekeres estimate, we have \Ri\ > (ri — o(l))lognj and 
\Bi\ > (hi — o(l)) lognj where bi and (asymptotically) satisfy (bi + r^) log ^^ r ^ — bi log j-_ = 1. 

Consider the induced red-blue edge-coloring of the complete graph with one vertex Vi from each RiUBi. 
Assign vertex Vi red weight rj and blue weight bi . An appropriate variant of Lemma 13.21 the weighted 
version of Ramsey's theorem, tells us that there is a monochromatic clique , Vi 2 , . . . , Vi 3 of large 
weight. Assuming without loss of generality that this clique is red, the tailored variant of Lemma 13.21 
then tells us that the red weight of the clique is asymptotically at least \ log d = (\ + o(l)) log log log n. 
This is obtained when for each i, 6j = = ^ + o(l) and the clique has size | log d. Let S be the union 
of the Ri i with 1 < j < s. As, for each i < j, the complete bipartite graph between Ri U Bi and 
Rj U Bj is monochromatic red, the set S forms a monochromatic clique of weight 

^ bg7 - (l + o(1) ) log log log n - 

The proof sketched above uses an application of both Ramsey's theorem and its weighted variant, so 
that the asymptotics of the lower bound on f(n) are dictated by the bounds in these theorems. We 
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believe that the optimal bounds should always follow, as above, from the diagonal case, in which case 
Conjecture 15.11 would follow. 

5.2 Weighted cliques with alternative weight functions 

One question which arises naturally is whether we can also find cliques of large weight for other weight 
functions. Let w(i) be a weight function defined on all positive integers n> a and let f(n,w) be the 
minimum over all 2-colorings of [a, n] of the maximum weight of a monochromatic clique. In particular, 
if w±(i) = 1/logi and a = 2, then f(n,w\) = f(n). 

The next interesting case is when W2(i) = 1/ log i log log log i, since, for any function u(i) which tends 
to infinity with i, Theorem 11.11 implies that f(n,u') — > oo, where u'(i) = u(i)/log ilogloglogi. We 
may show also that /(n, W2) — > 00. 

Sketch of the proof. Suppose that we are using the weight function wi- We consider the intervals 
Ij = [nj,2rij) for which 2rij < n with log log rij = lOj log log log n. The number d of such intervals 
is log log n/10 log log log n. By applying the methods used in the proof of Theorem 13.11 we may find 
d sets T\,T2,... ,Td, with Tj C Ij, the collection of edges between Tj and Tj is monochromatic for 
every i 7^ j, and each Tj is the union of a red clique of size roughly rj log rij and a blue clique of 
size bj log rij . Here r,- and bj are chosen to satisfy the balancing condition stipulated by Lemma 13.11 
Any vertex in Tj will have weight about 1 / log rij log log log rij , the full contribution of the red clique 
is Fl(rj/ log log log rij) = Sl{rj/ (log j + log log log log n)) = £l(rj/ log max(j, log log log n)), and the blue 
clique is Q(bj/ log max(j, log log log n)). 

We may now treat the Tj as though they were vertices with two weights in a graph whose edges have 
been 2-colored. For j > log log log n, the red weight is rj/ log j and the blue weight is bj / log j. For 
smaller j , the red weight is TjJ log log log log n and the blue weight is bj/ log log log log n. However, there 
are so few such smaller j that we will be able to safely ignore such vertices. We would like to repeat the 
argument above with this new graph on d vertices. To begin, we consider c ~ log log dj 10 log log log d 
intervals S±,. . . ,S C in [d], each of the form [di, 2d{) with log log = lOi log log log d. For the rest of 
the argument we only consider vertices j in one of these intervals, so that j > d\> log log log n and j 
has red weight rj/ log j and blue weight bj / log j. We may assume that r,- and bj are each less than 
(log j) 2 , as otherwise the vertex j, or rather the red or blue subset of Tj, would be a monochromatic 
clique of weight f2(logj') = fi(log log log log n). By Lemma 13.11 this also implies that all rj and bj 
are at least 1/(16 log log j). Therefore the ratio between any two of rj and any two of bj is at most 
16 log 2 j log log log j < (log j) 3 and hence we may split each Si into hi = 6 log log di subsets, so that the 
rj and bj are within a factor 2 of each other within each piece. That is, we are decomposing the interval 
Si into Si t i, . . . , Sifo so that within any all rj and bj are essentially the same. Within each Si, we 
pass to the largest Si t e, which we will call Ui. As \Ui\ > di / '(6 log log di), we have log \ Ui\ ~ log \ Si\ for 
each i. We let r\ and b\ be the minimum over j G Ui of rj and bj, respectively. 

If we again apply the method of Theorem 13.11 we will find a collection of sets T[ C Si such that the 
graph is monochromatic between any two sets and T[ contains a red clique of size fj log |Z7j| ~ r% log \ Si\ 
and a blue clique of size roughly 6jlog|5j|. The red clique will have red weight f2(fj7^) and the blue 
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clique will have blue weight f2(6j^). Treating the T- as though they were the vertices in a graph, we 
see that the vertex i will have red weight O(fjr-) and blue weight f2(6j&^), where r, and bi as well as 
r- and 6^ satisfy, up to a constant factor, the balancing criterion stipulated by Lemma 13. 11 It is now 
easy to verify that the weight functions and bib\ satisfy the requirements of Lemma [3. 31 with c > 
an appropriately chosen absolute constant. Hence, we will be able to find a monochromatic clique of 
weight O(logc) = f2(logloglog<i) = f2(logloglogloglogn). This yields a clique of the same weight in 
the original graph. □ 

It is not hard to show that this bound is tight up to the constant. Color the interval Ij = [2 2J 1 , 2 2J ) so 
that the largest clique has size at most 2 J+1 . Then the contribution of the jth interval will be at most 
4/ log j. We now treat Ij as though it were a vertex of weight 4/logj and, blowing up Rodl's coloring, 
color monochromatically between the different Ij so that the largest weight of any monochromatic 
clique is 0(logloglog(i) = O(logloglogloglogn). 

On the other hand, by using Rodl's coloring, we can show that if w'i(i) = l/(logi) 1+e , for any fixed 
e > 0, then f(n, w^) converges. By using the coloring from the previous paragraph, we may improve 
this to show that if w' 2 (i) = l/logz(logloglogz) 1+<E , then f (71,11/2) a ^ so converges. 
More generally, we have the following theorem. Here log^(a;) is the iterated logarithm given by 
lo S(o)(x) = x and, for i > 1, log {i) (x) = log (log ^ (2;)). 

Theorem 5.1 Let w s (i) = 1/ Y\j=i ^°&(2j-i) *■ Then f(n,w s ) = Q(log( 2s +i) n )- However, letting 
w' s (x) = w s (x) / (log(2 S -i) i) e for any fixed e > 0, then f(n,w' s ) converges. 

That is, the sequence of functions w s form a natural boundary below which f(n, ■) converges. 



5.3 A counterexample to finding skewed cliques in hypergraphs 

For 3- uniform hypergraphs, the Ramsey number r^(t) is defined to be the smallest natural number n 

(3) (3) 

such that in any 2-coloring of the edges of Kn there is a monochromatic copy of K\ . It is known 
(see El 13) that 

2 C * 2 < r 3 (t) < 2 2C ' 4 

and the upper bound is widely conjectured to be correct. Phrased differently, we know that every 

2- coloring of the edges of Kn^ contains a monochromatic clique of size at least O(loglogn) and that 
there are 2-colorings of Kn which contain no monochromatic clique of size O(\f\ogn). 

Let p%(n) be the function which gives the minimum size of the largest monochromatic clique taken 

(3) 

over every 2-coloring of K n . Note that this function is increasing and that pz(Tz(t)) = t. In keeping 
with Erdos' conjecture for graphs, we can give a weight of 1/ ps(i) to vertex i and let the weight of a 
set S be ^ies ^ / J°3 (*) ■ W e then ask for the minimum over all 2-colorings of the edges of the complete 

3- uniform hypergraph on vertex set [n] of the maximum weight of a monochromatic clique. 

Split [n] into intervals given by Rj = [rs(2^ 1 ), r 3 {2?)). Within each interval, we color so that the 
largest monochromatic clique has size at most 2 3 . If i < j, we color edges containing two vertices 
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from Ri and one vertex from Rj red and edges containing two vertices from Rj and one vertex from 
Ri blue. We color all other edges arbitrarily. 

Suppose now that we have a monochromatic clique S. Then S has at most one vertex in all but one 
of the sets Rj. Otherwise, if there were two vertices, say u\ and 112, in Ri and two vertices, v% and 
V2, in Rj, the edges uiu 2 vi and u\V\V2 would have opposite color. We may therefore suppose that 
S = Tg U {si, S2, • • • }, where Ti C Ri and Sj is a single vertex from Ri. 

Since, for any i £ R^, we have p(i) > p3(r^(2 i ~ 1 )) = 2^~ l and the largest monochromatic clique in Rg 
has size at most 2 , the contribution from Tg is at most 2. Similarly, the contribution from Sj is at 
most 2 1 "*, so that total weight of the clique is at most 2 + Yli^i — 4- Therefore, unlike the graph 
case, there are colorings for which the maximum weight of a monochromatic clique is bounded. 

5.4 A simple construction 

Here we present a simple explicit construction which beats the random lower bound for Ramsey 
numbers for a certain prescribed order on the consecutive differences. A sequence n\ < ri2 < ■ ■ ■ < n& 
is convex if n,2 — n\ < 713 — ri2 < ■ ■ ■ < — n^_\. 

Proposition 5.1 For i < j, let f(i,j) = [\og(j — i)\. Consider the 2- edge- coloring of the complete 
graph on the first n = 4 fc_1 positive integers where the color of edge (i,j) with i < j is the parity of 
f(i,j). This coloring has no convex monochromatic clique of order k + 1. 

Proof: Suppose for contradiction that ai < . . . < a/t+i is a convex monochromatic clique of order k+1 
in this 2-edge-coloring of the complete graph on n. We claim that for 1 < i < k — 1, /(aj+2,a«+i) > 
f(ai + i,ai) + 2. Indeed, as the sequence is convex, Oj + i — Oj < 0^+2 — <H+i, and hence /(aj + 2, aj + i) > 
/(of+i, aj). If the claim does not hold, then for some i,l < i < k—1, we have /(aj + 2, a^+i) = /(of+i, a^) 
or f(a i+ 2, a-i+i) = f(ai+i,ai) + l. In the first case, as a i+2 -ai = (a i+2 — a i+ i) + (a i+ i — ctj), we have that 
f(ai + 2, o-i) = f(^i+i, so the edges (aj, aj + 2) and (a^, aj + i) are different colors. In the second case, 

(a«+2, Oi+i) and (aj + i,aj) are different colors. As the clique is monochromatic, this cannot happen, 
and hence the claim holds. From the claim, we have f(ak+i,ak) > /(2, 1) + 2(k — 1) > 2(/c — 1). It 
follows that a/c+i > Ofc+i — o-k > 2 2 ( fc ~ 1 ), contradicting a^+i < n = 4 fc ~ 1 and completing the proof. □ 

We actually proved that not only is there no convex monochromatic complete graph on k + 1 vertices 
in the 2-edge-coloring of the complete graph on the first 4 fc_1 positive integers, but also a much sparser 
graph on k + 1 vertices is forbidden as a monochromatic subgraph in convex position, namely, the 
square of the monotone path on k + 1 vertices. That is, for this coloring, there is no convex sequence 
a%, . . . , such that all edges (a,, dj) with \ j — i\ < 2 are the same color. This is in strong contrast to 
Ramsey numbers without order, where the Ramsey number of the square of a path or, more generally, 
any bounded degree graph (see, e.g., [H H]) is linear in the number of vertices. 

As with ordinary Ramsey numbers, the lower bound for complete Ramsey numbers with order types 
which comes from considering a random 2-edge-coloring of the complete graph is of the form 2 fc / 2+ °( fe ). 
As the simple constructive coloring in Proposition 15.11 gives a better bound while forbidding a much 
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sparser structure, it suggests that Ramsey's theorem with order types is a substantially different and 
more intricate problem than Ramsey's theorem. 

5.5 Counterexamples to variants of Ramsey's theorem with order types 

There are several natural variants of Vaananen's question which have negative answers. For example, 
the natural hypergraph analogue fails. Indeed, there is a coloring of the complete 3-uniform hypergraph 
on the positive integers such that every monochromatic set ai,...,a,k satisfies that the sequence 
a2 — ai, 03 — £J2, • • • , Ofe — dfc-i of consecutive differences is monotone. We color an edge (a±, 02, 03) 
with a\ < <i2 < «3 red if 03 — 02 > a2 — ai and blue otherwise. Hence, if a\ < 02 < 03 < 04 are positive 
integers, (a±, 02, 03) and (02, 03, 04) are both red or both blue if and only if 02 — 01, 03 — 02, 04 — 03 is 
a monotone sequence. 

Another variant which fails to hold is the case of monochromatic cliques where the higher differences 
have a prescribed order. This was first observed by Erdos, Hajnal, and Pach [7]. We give such an 
example forbidding an ordering of the second differences aj+2 — aj. Before describing this coloring, we 
first remark that it is easy to show that any second difference is realizable. That is, for any permutation 
7T of [A; — 2] , there are (many) sequences a± < • • • < of positive integers satisfying 

a 7r(l)+2 _ a vr(l) > a 7r(2)+2 _ fl 7r(2) > ' ' ' > a 7r ( fc _ 2 )+2 ~ ^{k-2) ■ 

However, for certain ir there exist 2-edge-colorings of the complete graph on the positive integers in 
which none of these sequences form a monochromatic clique. Indeed, consider the 2-edge-coloring of 
the complete graph on the positive integers, where the color of with i < j is given by the parity of 
f(i,j) = [log(j — i)J . In this coloring, no monochromatic clique with vertices a\ < 02 < 03 < 04 < 05 < 
ci6 < 07 satisfies 05 — 03 is the largest of the second differences and 04 — 02 , — 04 are the two smallest 
second differences. Suppose that such a monochromatic clique exists. By symmetry, we may assume 
without loss of generality that 04 — 03 > 05 — 04. For Oj < aj < ah, as ah — a? = (a/i — aj) + (aj — 
wehave max(f(ai, a j), f (a j,a h )) < f(ai,a h ) < max(/(aj, aj), f(aj, a h )) + 1. Since the parity of f(a, b) 
is the same for any two vertices a < b of the monochromatic clique, we must have /(a^a^) = 
max(f(ai,aj),f(aj,a h )). In particular, this implies /(a 3 ,a 5 ) = /(a 3 ,a 4 ) and /(ai,a 5 ) = / (03,05). 
Since 03 — 01 > 04 — 02 (by minimality of 04 — 02), we must have 02 — 01 > 04 — 03 and hence 
7(03,05) > 7(01,03) > 7(01,02) > 7(03,04) = 7(03,05), where the first inequality comes from the 
fact that 05 — 03 is the largest second difference. But if 7(oi, 03) = 7(°3) a s)> then 7(oi, 05) > 7(°3> a s); 
contradicting the equality deduced earlier. 

Acknowledgments. We would like to thank Noga Alon for helpful discussions and, in particular, for 
raising the question of what other weight functions might work in Erdos' conjecture. 
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